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Abstract. We investigate C*-algebras associated with row-finite topological higher- 
rank graphs with no source, which are based on product system C*-algebras. We prove 
the Cuntz-Krieger uniqueness theorem, and provide the condition of simplicity and purely 
infiniteness of our algebras. We give examples of non-discrete topological higher-rank 
graphs whose C*-algebras contain Cuntz's ax + 5-semigroup C*-algebra over N. 

1. Introduction 

Recently, Cuntz introduced a C*-algebra which is naturally associated with the 
ax -|- 6-semigroup over N ([2J) and this algebra seems some kind of quantization of natural 
numbers. He showed that it is simple and purely infinite and generated by Bost-Connes 
C*-algebra Cq ([Ij) and one unitary. Moreover, Cuntz and Li extended this construction 
to some commutative rings without zero divisors ([3]) which is motivated the extension of 
the Bost-Connes algebra to arbitrary number fields, and recently, Li has done for arbitrary 
rings (p^). Moreover, the C*-algebra Qn has an arithmetic flavor from the construction 
and we think this C*-algebra will become a brigde between operator algebras and number 
theory like the Bost-Connes C*-algebra. 

Including such algebras, some important properties of C*-algebras are determined by 
the dynamical system on the underlying space. In this fashion, Katsura introduced a new 
class of C*-algebras which is called a topological graph C*-algebra ([ID])- This class is 
not only a generalization of both graph algebras and homeomorphism C*-algebras, but 
also many interesting C*-algebras, for example, all Kirchberg C*-algebras are included in 
this class ([T3]), and he systematically studied these algebras in a series of his paper. 

On the other hand, Kumjian and Pask ([H]) introduced a higher-dimensional graph 
C*-algebra which is called a higher-rank graph C*-algebra and Raeburn, Sims and Yeend 
extended it which is now called a finitely aligned higher-rank C*-algebra ([IE], [20]). One 
of the most interesting and attractive facts which does not observe in graph algebras is 
to appear AT-algebras like Bunce-Deddens algebras and irrational rotation algebras as a 
higher-rank graph C*-algebra We feel that higher-rank C*-algebras have fruitful 

structures and are not merely higher dimensional version of graph C*-algebras. 

Under these backgrounds, in [21], [2S], Yeend introduced a notion of a topological 
higher-rank graph which is unify a higher-rank graph and a topological graph C*-algebra. 
His approach is based on the theory of the groupoid C*-algebras ([2l])- On the other 
hand, as one of higher- dimensional models of a Cuntz-Pimsner algebra. Fowler considered 
product system C*-algebras associated with quasi-lattice ordered group {G, P) in [6] and 
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Raeburn and Sims researched relations between product system C*-algebras and higher- 
rank graph C*-algebras in [18] . 

The purpose of this paper is to study a 'row-finite with no source' topological higher- 
rank graph based on product system C*-algebras. In particular, we establish a method 
of an analysis of a (non-discrete) topological higher-rank graph and construct a new class 
of C*-algebras which can be considered as some extensions of Cuntz's ax + 6-semigroup 
C*-algebras. It should be mentioned that Yeend commented in the introduction of [21] 
that there is a problem in product system C*-algebras, in particular the definition of 
Cuntz-Pimsner covariance, and in later, Sims and Yeend (p3]) suggest a new Cuntz- 
Pimsner covariance of a product system C*-algebra which includes C*-correspondences 
finitely aligned higher-rank C*-algebras ([20]) and coincide with Fowler's one under 
the 'row-finite with no source' case. However, there is no research to establish a theory 
of the C*-dynamical system based on the product system C*-algebras and topological 
higher-rank graphs. Furthermore we need slightly different techniques compared with 
(discrete) higher-rank graphs. 

In this paper, we actively consider the infinite dimension case of topological higher-rank 
graph though the dimension of higher-rank graphs is supposed to be finite in usual. In 
terms of product system C*-algebras, it is equivalent to consider the ordered lattice group 
(©^;^Z, ©^]^N). One of this reason is that Qn (and also Cq) have a structure based on 
the prime numbers (more precisely, the prime factorization of natural numbers) which is 
corresponding to the basis of (©^j^Z, ©^j^N). We can expect that this case leads more 
fruitful structures for topological higher-rank graph C*-algebras. 

This paper is organised as follows. In Section 2, we define a topological higher-rank 
graph followed by Yeend and recall several definitions and fundamental facts. In Section 

3, we prove the Cuntz-Krieger Uniqueness theorem under the assumption 'row-finite with 
no source' (Theorem 13. lip . This is our main theorem and a generalization of Theorem 4.6 
of [14j. A point of the proof of this theorem is to overcome the difficulty of calculations of 
some multiplications which does not occur in higher-rank graph C*-algebras. In Section 

4, we give the condition for topological higher-rank C*-algebras to be simple and purely 
infinite. In Section 5, we construct a higher rank version of a topological graph investigated 
by Deaconu ([4]) and Katsura ([13]). The associated C*-algebras include Cuntz's ax + b- 
semigroup C*-algebra over N. The author think that this way of the extension of the 
ax + 6-semigroup C*-algebra is different to the arithmetic one noted as above, but we 
expect some relationships with number theory. 

After completed this work, the author has found that Renault, Sims and Yeend proved 
the uniqueness theorem for a C*-algebra associated with a compactly aligned topological 
higher-rank graph which is more generalized setting from the author's one ([22]). However 
they proved this theorem via a groupoid theory ([2T]), on the other hand, the author's 
method is used a theory of a product system C*-algebra. 

2. Preliminaries 

In this section, we recall a topological /c-graph defined by Yeend and a product sys- 
tem C*-algebra defined by Fowler, in order to construct an associated C*-algebra for a 
topological A;-graph. 

We denote the set of natural numbers by N = {0, 1, 2, ■ ■ ■ } and the integers by Z. We 
denote by T the group consisting of complex numbers whose absolute values are 1. Given 
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a (semi)group with identity P and /c = 1, 2, • ■ ■ , oo, we denote P'^ = ®f=iP by the direct 
sum of P which has a natural (semi)group structure. We consider N'^ as an additive 
semigroup with identity 0. For 1 < < oo, ei, 62, ■ ■ ■ are standard generators of N^. We 
write the i-th coordinate of m G N'^ by For m, n G N^, we say m < n if m(i) < n(j) 
for any 1 < i < k. For a locally compact (Hausdorff) space Q, we denote by C{Q) the 
linear space of all continuous functions on fl. We define Cc(^), Co{^), C'b(^) by those 
of compactly supported functions, functions vanishing at infinity, and bounded functions, 
respectively. 

Next we shall define a topological fc-graph which was defined by Yeend ([21], [25]). 

Definition 2.1. Given k = 1,2, ■ ■ ■ , 00, a topological k-graph is a pair (A, d) consisting of 
a small category A = (Obj(A), Mor(A), r, s) and a functor d : A — > N^, called the degree 
map, which satisfy the following: 

(1) Obj(A) and Mor(A) are locally compact spaces; 

(2) r, s : Mor(A) — > Obj(A) are continuous and s is a local homeomorphism; 

(3) Composition o : Ax^A — > A is continuous and open, where Ax^A = {(A, /i)|s(A) = 
r(yu)} has the relative topology inherited from the product topology on A x A; 

(4) d is continuous, where N'^ has the discrete topology; 

(5) For all A G A and m, n G N'^ such that d{\) = m + n, there exists unique (/x, u) G 
A Xc A such that A = fiu, d{fi) = m and d{v) = n. 

In [21] and [25], Yeend supposed the second-countablility of the locally compact spaces 
Obj(A) and Mor(A). However we will not use this assumption in here. We refer to 
the morphisms of A as paths and to the objects of A as vertices. The maps r and s 
are called the range and source maps, respectively. Given subsets U,V G A, we define 
Ux,V = {(A,/i) eUx V\s{\) = r(/i)} 

We give an example of topological fc-graph. Set Obj(f2fe) = and Mor(f2fc) = 
{{m,n) G X N'^lm < n} with discrete topologies. The range and source maps are 
given by r(m, n) = m, s{m, n) = n. Define d : VL^ — > N'^ by d{m, n) = n — m. Then Q^. 
is a topological fc-graph. 

For m G N'^, define A™ to be the set d'^{{m}) of paths of degree m. Then A"^ x^ A" 
and A™+" are homeomorphic by the restriction of the composition map. Let us put 
TmySm '■ A™ — > A° by the restriction maps of r,s on A™. Then (A°, A™, Sm, "'"m) is a 
topological graph defined in Katsura \10l- Set A™(f) = T^^(f) for v G A°. For A G A' 
and < m < n < I, there exists uniquely Ai G A™, A2 G A""™- and A3 G A'^" such 
that A = A1A2A3 by the factorization property. We shall denote A2 as A(m, n), and 
especially, we shall write A(m) = A(m,m). Then we can define the continuous map 
Seg;^,„) : A' — . A"— by SegJ„,„)(A) = A(m,n). 

Let (Ai, di) and (A2, ^2) be topological /c-graphs. A k-graph morphism between Ai and 
A2 is a continuous functor a : Ai — > A2 satisfying d2{<y{X)) = rfi(A) for all A G Ai. 

Next we shall define a property of A which is correspond to Definition of 1.4 of [Hj for 
a higher-rank graph. 

Definition 2.2. The topological fc-graph A is row-finite for degree m {m & N^) if for 
each V G A°, there exists a neighborhood V C A™ of v such that r^^{V) is a compact set 
in A™. A has no source for degree m for any f G A° and any neighborhood V C A™ of 
V, r^^{V) 7^ 0. We say A is row- finite (resp. has no source) if for every m G N'^, A is 
row-finite (resp. has no source) for degree m. 
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If A*^* is row-finite (resp. has no source) for every standard generators Cj G N^, then A 
is row-finite (resp. has no source) by the following proposition. 

Proposition 2.3. For m,n & N^, A are row-finite (resp. lias no source) for degree m, n, 
then A is row- finite (resp. has no source) for degree m + n. 

Proof. First, we suppose that A™, A" are row-finite. For any v G A™, r^^{v) is compact, 
hence Sm{r^^{v)) is also compact. Since A" is row-finite, we can take a set of neighbor- 
hoods {Wi, ■ ■ ■ , Wi} such that Sm{r^^{v)) is covered by {W^i}'^^ and r~^{Wi) is compact. 
This implies r~^(t>) is covered by {s^{Wi)}l^i. By Lemma 1.21 of Katsura's article, there 
exists a neighborhood ^ of f such that 

I 

i=l 

and r^^{V) is compact since A is row-finite for degree n. Then 

r;n\niV)=r;;,\U)x,[jr-\W,) 

1=1 

and this implies A is row-finite for degree m + n. 

On the other hand, since A™ has no source, for any v G A°, there is a neighborhood V 
of V such that r:^^{V) ^ 0. Hence 

hence A*""*"" has no source. □ 

Let A be a row-finite topological fc-graph with no source. We define the infinite path 
space of A by 

A°° = {a : fifc — > A I a is a fc-graph morphism }. 

We extend the range map by setting r{a) = a(0). Set A°°{v) = {a G A°°\v = a(0)} for 
V G A''. Remark that A°°(u) ^ since we assume A has no source. For each p G N'^, 
define : A°° — > A°° by r^(a)(m, n) = a{m p,n + p) for a G A°° and (m, n) G Qk- 

To define C*-algebras from topological higher-rank graphs, we use the product system 
C*-algebras considered by Fowler [6\. First we shall recall a Hilbert A-bimodule. Let A 
be a C*-algebra and F be a right Hilbert A- module with an A- valued inner product (■,■). 
We denote by L{Y) the C*-algebra of the adjointable operators on Y. Given x,y E Y, 
the rank-one operator 9x,y G L{Y) is defined by 6x,y{z) = x{y,z) for z eY. The closure 
of the linear span of rank-one operators is denoted by K{Y). We say that F is a Hilbert 
A-bimodule if y is a right Hilbert A-module with a homomorphism : A — > L{Y). 
Then we can define a left A-action on y by a ■ x = (f){a)x. 

Let P be a discrete multiplicative semigroup with identity e, and let A be a C*-algebra. 
A product system over P of Hilbert A-bimodules is a semigroup X = UpGP -^p ^^"^^ ^^^^ 
(1) for each p E P, Xp C X is a Hilbert A-bimodule with a left action 0p of A ;(2) 
the identity fibre X^ is equal to the bimodule aAa] (3) for p, g G P\ {e}, there is an 
isomorphism Mp^g : Xp ®^ Xg — > Xpg (in this paper, we also denote x®yE Xpg instead 
of Mp^g{x ^y)) ', (4) multiplication in X by elements of X^ = A implements the action of 
A on each Xp ; that is Me^p{a ® x) = a-x and Mp^^i^ ® a) = x -a for all p G P, x G Xp and 
a E Xe = A. In this paper, we always suppose P is subsemigroup of a discrete group G 
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such that PnP^^ = {e} and with respect to the partial order p < q <^=^ p^^q G P, any 
two element p,q & G which have a common upper bound in P have a least upper bound 
pM q & P. We write p V g = oo to indicate that p,q ^ G have no common upper bound 
in P. We say the pair {G, P) with such properties is a quasi-lattice ordered group. The 
main example of interest to us is (G, P) = (Z^, N'^), which is actually lattice-ordered: each 
m,n & has a least upper bound mVn with i-th coordinate {rn\Jn){i-) = max{m(j), n(j)}. 

Let (G, P) be a quasi-lattice ordered group and let X be a product system over P. 
Throughout this paper, we suppose the left action of A on each fiber Xp is an injective 
into K{Xp). Let i? be a G*-algebra, and let T be a map from X to B. For p & P, let 
Tp = T\xp- We say that T is a representation of X if (i) Tg is *-homomorphism and each 
Tp is linear (ii) Tp{x)Tq{y) = Tpg{xy) for p,q e P and x e Xp, y e Xg (iii) Tp{x)*Tp{y) = 
Te{{x,y)) for x,y E Xp. We call T is injective if Tg is injective. Let us define C*{T) = 
spaTi{Tp{x)Tq{y)*\p,q e P,x e Xp,y e XJ and J^t = sp^{Tp{x)Tp{y)*\p G P,x,y G 
Xp} which is called the core of C*{T). Define : K{Xp) — > C*{T) by ^'^{e^,y) = 
Tp{x)Tp{yy, then ipp is well-defined by Lemma 2.2 of [8]. We say a representation T is 
Cuntz-Pimsner covariance if for each p E P, ipp o (f)p{a) = To(a) for any a E A. We say 
that X is compactly aligned if for all p,q E P such that pM q < oo, and G fC(Xp) 
and 5*2 G K{Xq), we have (S*! (g) lp-i(pvg))(5'2 ® Ig-i(pvg)) ^ K{Xp\/q). If the image of the 
left action of A on each fiber Xp is in ii'(Xp) which is assumed in this paper, then X is 
compactly aligned by Proposition 5.8 of [6]. In this case, T satisfies the following relation 
which is called Nica covariance by Proposition 5.4 of [6]; for Si G K{Xp), S2 G K{Xq), 

V(S U'^iS ) = I ^Jvgll-^i® Vi{pvq))(52® Vi(pvq))) If p V g < OO 
rp\ i)rg\ 2;'|^g ifpVg = oo 

There is a G*-algebra Ox and a Cuntz-Pimsner covariant representation t : X — > 
Ox which is universal in the following sense: Ox = C*{t) and for any Cuntz-Pimsner 
covariance T : X — > B, there is a unique homomorphism T,,, : Ox — ^ -B such that 
T^, o t = T. Remark that t is injective (see [6]). 

For P = N^, the universality allows us to define a strongly continuous gauge action 

7 : ^ = ntiT ^ Aut(Cx) such that ^Mx)) = 2"(t„(x)) for z G Elti T, x G X, 
and the fixed point algebra O]^ is J?-* = span{T„ (x) T„ ) * | n G N''',^,?/ G X„}. Let 

^'(x) = / -fz{x)dz (x G Ox) 

be a faithful conditional expectation onto O]^. 

We shall consider a product system G*-algebra associated with a row-finite topological 
/c-graph A with no source. For the quasi-lattice ordered group (G, P) = {Z,^,N^), define 
a G*-algebra A = Go(A°) and 

X„ = G,(A") = G G(A«) 1(^,0 G Go(A°)} 

where the inner product (■, ■) is defined by 

s„(A)=i; 

for C,r] E Xn and y G A°, and the left and right actions are defined by 

(/■^^7)(A) = /(r„(A))e(AMs„(A)) 
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for f,g e A, ^ e Xn, n e Define M„,„ : X„ ®^ X„ — > X„+„ by M„,„(^ ® r/)(A) = 
^(A(0, ■m))ri{X[m, m + n)) for 171,72 ^ N^. Then we can construct a product system X from 
these data. 

Definition 2.4. Let A be a row-finite topological fc-graph with no source and X is a 
product system defined as above. We define the C*-algebra 0{A) to be the universal 
C*-algebra Ox built from the product system X. 

For a product system X associated with a row-finite topological fc-graph with no source 
and a Cuntz-Pimsner covariance T : X — > C*{T), let us define a sub *-algebra C*{Typ^ 
of C*(T) by 

C*(T)^P* = span{T„(OT„(r/)>,m G N^ ^ e C,(A"), G C,(A-)}. 

This sub *-algebra is dense in C*(T) by Lemma 1.6 of [10]. We will use the dense algebra 
C*(T)^P* instead of the algebraic part of C*(T). 

3. Cuntz-Krieger Uniqueness Theorem 

In this section, we shall prove so-called Cuntz-Kriger Uniqueness Theorem for certain 
row- finite topological fc-graph with no source (Theorem 13. lip . The phenomena which does 
not occur in higher-rank graph C*-algebras or topological (l-)graph C*-algebras is to be 
difficult to compute the form Tn{i)*Tm{j]) using the terms of the underlying topological 
/c-graph if n and m are unordered (see Lemma 3.1 of p3] and Lemma 2.4 of [TU]). To 
avoid this problem, we prove this theorem by the combination of the idea of [8J for Cuntz- 
Pimsner algebras Oy for Hilbert A-bimodule Y and the notion of the Nica covariance. 
However, Kajiwara-Pinzari-Watatani ([8j) considered in the case that Y has a finite basis 
which is stronger than our assumption, we need to modify a little bit. 

First, we introduce some terms for working smoothly. 

Definition 3.1. Given finitely many functions ^1, ■ ■ ■ ,C,L,Viy ' ' 'Vl of Cc(A™), we say 
{{^i,f]i)}i=i is an orthogonal pair for degree m if for any i = 1, ■ ■ ■ ,L, C,i{\)rii{X') = 
for s(A) = s(A') and A ^ A'. For a set Q C A™ and Mi, G Cc(A™), {ui}f^^ is a 

partition of unity for f2 if Ui satisfies < Ui < 1, J2i=i''^iW = 1 for A G fi, and Sm is 
injective on the support supp(Mj) of Ui. In partcular, {{ui,Ui)}f^i is an orthogonal pair. 

Lemma 3.2. Let A be a row-finite topological k-graph with no source. 

(1) For ^ G Cc(A™), there exists a partition of unity {ui}^^^ for the compact support 
supp(0 of ^. 

(2) If ^ G Xm and {ui}^^^ is a partition of unity for the support supp(^) of ^, then 

Proof. (1) Take ^ G Cc(A'"). Since s is a local homeomorphism, for each A G A™ there 
exists an relative compact open neighborhood Ux of A such that the restriction of Sm to 
Ux is injective. Since supp(^) is compact, we can find Ai, ■ ■ ■ , \l such that supp(^) C 
^i=iUxi- Take fi, ■ ■ ■ ,vl satisfying < Vi < 1, supp(t'j) C Ux^ for each I < i < L, and 
^i=i "^iW = 1 for ^-ll ^ supp(^). Then Ui = v^"^ is a partition of unity for supp(^). 
(2) Take ^ G X^ and a partition of unity {wj}^]^ for supp(^). For A G A"*, 

L L L 

i=l i=l s{fj.)=s{\) «=1 
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□ 

Lemma 3.3. Let A he a row-finite topological k-graph with no source. For i = 1, ■ ■ ■ , L, 

let Ki be a compact set of A"* and put n = V^^nj, rrii = n — rii. Then, for each i, there 
are partitions of unity {vi^g}g for Ki and {'Uj,p}p for Seg"„. A™'). Furthermore, for 

each i, {vi^g ® Mi,p}p,(j is a partition of unity for U^^i^Ki A™'). 

Proof. Since we assume A is row-finite, Ki A™' is compact subset of A". By Lemma 
I3.2[ there is a partition unity {wp}p for uf^^{Ki x^ A™*). For each Wp, define -Ujp G 
Cc(Seg"„^ „)(supp(wp)) by the following: Given /i G A"^*, if there exists an element A G A"* 
such that s„.(A) = rm,(/i) and A/x G supp(iyp) (in this case, A is uniquely determined), 
then we define Mj,p(/i) = Wp(Xfj,) and otherwise Ui^p{fi) = 0. From the construction of Ui^p, 
supp(Mi,p) = Seg"„^ „)(supp(wp)) and {ui,p}p is a partition of unity for Seg"„. XcA™^). 
On the other hand, there is a partition of unity for the compact set Ki. Then 

{vi^q ® Mj,p}p,q is a partition of unity for uf^^Ki x^ A™' since for each p, 

supp(w;p) = Seg"o,„,)(supp(wp)) Seg"„^^„)(supp(wp)) C ( |J supp(wi,q)) x^ supp(Mi,p). 

Q 

□ 

Given finitely many functions {wj}^^ in X^, let us define a positive linear map '^^^l '■ 
C*(T) — ^ C*{T) by 

L 

^\ui}L_{^) = ^TmiUi)xTm{Uiy, X G C*(T) 
i=l 

Lemma 3.4. Let be a partition of unity for the support supp(^) of G X„. Then 

(x)T„(^) = T„(^)x holds for every element x of the relative commutant algebra 
ToiA)' r]C*{T). 

Proof. For x G To(A)' n C*(T), 

L L L 

^T„(Ui)xT„(Mi)*T„(0 = ^Tn{Ui)xTo{{Ui,0) =^Tn{Ui)TQ{{Ui,0)x 
i=l i=l i=l 

L 



TnC^Ui{Ui,^))x. 



i=l 

Since {ui}^^^ is a partition of unity for supp(^), we obtain = ^ by Lemma 

EH □ 

Lemma 3.5. For^j G Cc(A™*) (z = 1, ■ ■ ■ , L), iet Ki be a compact support supp(^i). Take 
a partition of unity for Ki and Ui^p G Cc(A"'*) by Lemma 13731 where n = yf^iUi and 

rrii = n — rii. Then 

holds for X G To(A)' n C*(T). 

Proof. First, we consider the left action (t>m^{{vi,q,C,i)) on X^^. For ^ G and A G A™% 
(0„^.(K„e.))C)(A) = K„6)(r(A))C(A) = ^^MUM^) 



If A ^ Seg('„^ „)(iri XcA"'^; then i(f)mA{'"i,g, fi))C)W = 0. Moreover {ui^r}r is a partition 
of unity for Seg"„^ Xc A™'), we obtain 

r 

Since T„^(fi,g)*T„^(^i) = To((fi,g, ^i)) = ipmS^rnA{vi,q,^i))), we obtain the equation 



- rrii \ "'i,r 



Ui 



For a; G To(A) nC*(T), 

p,q 

p,q,r 
P,<l,r 

= X (t^j,g)T;n, 6) ■ Ui^r)xTm, (ui^r)* (by Lemma [3l2]) 

q,r 
q,r 

= 'YTnX^i)TmAui,r)xTm,{ui^ry (by Lemma [321) 

r 

= ^n.(6)c^J;"v(a;). 

The proof is completed. □ 

For m G N'^, let us define an injective *-homomorphism tt^ : Cf,{A"^) — > L{Xm) by 

(vr™(/)0(A) = /(A)e(A), AgA"^. 

The following lemma is proved by Katsura (Lemma 1.16, 1.17 of [TO] ) 

Lemma 3.6. For each m G N, the image 7rm(Co(A'")) of Co(A'") is included in the C*- 
algebra K^Xm) injectively. In particular, given f G Cc(A™), there exists a orthogonal 
pair {{^i,rii)}f^^ such that 

L L 
4=1 i=l 



Lemma 3.7. Let A be a row-finite topological k-graph with no source. Set ipj^ = ip'^oiTm '■ 
Co(A™) — > C*{T). Then, for any f e Co(A"), the element (/?^(/) belongs to the relative 
coniniutant algebra Tq^A)' fl C*(T). 

Proof. For all g e A, since (pmig) = T^m{g o r^), 

To{g)^l{f) = ^l{^m{g)Wm{7^m{f)) = ^iMmliMg)) = ^lU)Ug). 

□ 

Lemma 3.8. Let {{ui,Ui)}^^i be a orthogonal pair for degree m. Then for f G Cc(A"), 

i=l 

Proof. By Lemma [321 there is a orthogonal pair {{^j,f]j)}jLi such that / = J2jLi^jVj- 
Then {{ui ® Ui ® Vj)}i<i<L,i<j<M is a orthogonal pair for degree m + n and 

i,j id 
L 

1=1 

□ 

Definition 3.9. Let A be a row-finite topological k-graph with no source. We say A 
satisfies condition (A) if for any u G A° and for any open neighborhood V at v, there 
exist v' & V and infinite path a G A°°(f ') such that p,q & N^, p ^ q implies rP(a) ^ r'^(a). 
For such infinite path a, we say that a is an aperiodic path. 

Proposition 3.10. Let A be a row-finite topological k-graph with no source satisfying 
condition (A) and T is injective. For any e > and x = Xll^i 2(^«,2)* ^ 

C*(T)=pS there exist bi, 62 e C*(T) and S G K{Xi) such that 

ll^ill, II&2II < 1, blxb2 = blxob2 = i^fiS), \\xo\\ < \\blxob2\\ + e 

where xq = Z]{i<i<L|n,,i=n,,2} (^».i)^n»,2(6,2)* G ^T- Moreover, if xq > tien we can 
take b = bi = b2, S > 0. 

Proof. Let us put n = V^]^(rij,i V ^4^2)- Then using row-finiteness and no source, we can 
suppose 

zo = 5^r„(c',i)r„(e:,2)*. 

i 

We remark that the sum of Xq may be infinite or the components may have non-compact 
supports. Let us put Sq = X]j%i,C-2 ^ ^i^n), then since the injectivity of Tq, ||xo|| = 
IIS'oll by Lemma 2.2 of [8J. Since H^oH = supn^y ||^||^;^ II (^j 'S'o?7)||oo, for any e > 0, there 
exists ^1,^2 £ C'c(A"') such that 

11^111 = 11611 = 1, ||5o||-e<||(ei,%)||oo 
Then there is an element v' G A'' and open neighbor V at v' such that 

||5o||-e<|(ei,5o6)MI (veV) 
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For V, using condition (A), there exists v' and an aperiodic path a G A°°{v') such that 
v' = r{a). For each < p < n, r^a is a different element of A°°, there exists m G N*^ such 
that a{p,m + p) is each different element of A™. Let us take a disjoint open set {Up}o<p<n 
such that a{p, m + p) E Up. Set I = m + n and by 

U= fl (SegJ,,^+,))-i(f/p) = {AGA'|A(p,m + p)Gf/, < p < n}. 

0<p<n 

Then U is an open set and a(0, 1) G f/. Since A' is locally compact, we can suppose U is 
relative compact. Take Q G CciU) such that (5(a(0, Z)) = 1 and < Q < 1. 
Fix i such that n^j 7^ ni^2 and set mjj = n — n^j. Let us put i^'i = supp(^i,i), K2 = 
supp(^i,2), K3 = supp(^i) U supp(^2)- By Lemma 13.31 there exist a partition of unity 
{vj,q}q for Kj and {uj^p} for Seg"„^^. x^A™^'^) (j = 1,2) such that {%q ® tij,p}p,g is 

a partition of unity for K^. By Lemma [3.41 and [375| 

for X G T°(A)' n C*(T), J = 1, 2. On the other hand, 

= »'f+m„,(I](«i.i'.)'®<3)»'L.,j(5]Kpj'®<3) (byLemmaE3l 

Pi P2 

Pi P2 

Pl P2 

In the last equation, we used Nica covariance. If we suppose /i(mj i,/ + mj i) G ?7 and 
/i(mi,2,/ + mi,2) G f/ for G A('+™»,i)v{;+m.,2)^ then this contradicts f/(m,,ivm,,2)-m,,i n 
t^(m,,ivm,,2)-m,,2 = ^- Heucc we obtain 



= 

for rii^i 7^ nj_2- Set bj = Tn{C,j)ff{Q) {j = 1,2). Then we get 61X0^2 = blxb2 and 
11^1 II; 11^2 II < 1- Finally we have 

||xo||-e < |(^i,5o6)K)l = IQ(«(o,0)(ei,%)K)Q(«(o,/))| 
< IIQ((ei,%)°n)QII = ||&txo62||. 

The proof is completed. □ 

Theorem 3.11. Let A be a row-Gnite topological k-graph with no source. If A satisGes 
Condition (A ) and T is an injective Cuntz-Pimsner covariance representation, then the 
natural map 0{A) — > C*{T) is an isomorphism. 

Proof. Take x G C*(T)'^p*. Let x,Xo be represent as in Proposition 13.101 For the proof 
of theorem, we enough to show ||a:o|| < ||x|| since C*(TY^^ is dense in C*(T). But this 
inequation follows from Proposition 13.101 □ 
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The following proposition will use in Lemma F4. 81 (see also Proposition 5.10 of [TO]). 

Proposition 3.12. Let A be a row-finite topological k-graph and satisfies condition (A) 
and T is injective. For e > 0, x G C*(T)"^p*, we define Xq G J-'t as in Proposition \3.1(A If 
Xo > 0, then there exist a G C*(T) and a positive function f G Co(A°) such that 



= \\xo\\, \\a*xa - To(/)|| < e. 

Proof. By Proposition EUHl there exist b G C*{T) and < S G K{Xi) such that 

< 1, b*xb = b*xob = ^pfiS), \\xo\\ < ||6*a;o6|| + | 

Then there is C e such that ||C|| = 1 and ||(C,5C)|| > ||5|| - e/2. Set g = (C, 5C) G 
Co(A°) and a = bTi{(). Then Tq^q) = a*xoa. Since \\g\\ < \\S\\ < \\xo\\ and 

llxoll < \\b*Xob\\ + ^= ||5|| + ^< ||(C,5C)||+e= \\g\\+e. 

Therefore we get |||5f|| — ||xo||| < e/2. Hence / = ||xo||5'/||5'|| satisfies that ||/|| = ||xo|| and 
\\a*xa-To{f)\\ < ||a*xoa - To(5()|| + \\To{g) -To(/)|| < \\\g\\ - \\xo\\\ < e 

□ 



4. Simplicity and Purely infiniteness 

In this section, we give criteria when 0{A) is simple and purely infinite. Our terms and 
analysis are based on the works of Katsura ([12], [13]), Kajiwara-Pinzari-Watatani([8J), 
and Kajiwara-Watatani ([9]). 

Definition 4.1. Let A be a row-finite topological A;-graph with no source and X be a 
product system associated with A. 

(1) For an ideal / of Co(A°), / is X-invariant if for any / G Co(A°) and G X^, 

/ ■ v) belongs to I. I is X -saturated if there is 1 < i < k such that f ■ rj) & I 
for any ^, G Xg., then f E I. 

(2) Let f2 be a subset of A°. We say that fl is positively invariant if for A G A, s(A) G Q 
implies r(A) G Q, and Q is negatively invariant if for any f G and 1 < i < k, 
there exists Aj G A"^' such that v = r{Xi) and s(Ai) G fl. We say that Q is invariant 
if Q is positively and negatively invariant. 

(3) A is said to be minimal if there exist no closed invariant set other that or A°. 

Let / be an ideal of Co (A"). Then there exists a closed subset Qj of A*^ such that 
/ = Co(AO\fi,). 

Proposition 4.2. Under the above assumption, 

(1) I is X-invariant if and only if Qj is positively invariant. 

(2) / is X-saturated if and only if Qj is negatively invariant. 

Proof. Suppose / is X-invariant and Sm(A) G Qj. Let < a G /, then f ■ ^) ^ I for 
any G X^. Take C, G Xm such that ,^(A) = 1. Then rm(A) G Qi since 

= (e, / ■ OismW) = E fi^Mm^^)\' > firMMWl' = f{rM)) > 0. 

Sm(M) = Sm(A) 
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Conversely, we suppose f2/ is positively invariant. For each f ^ I and A e A"* such that 

Sm{A') = Sm(A) 

since VmifJ') € Qi for all fi G A"* such that SmifJ') = Sm{^)- Hence we have done the proof 
of (1). 

Next, we shall prove (2). First we suppose Qj is negative invariant. Let us suppose that 
there is 1 < i < k such that f -f]) G / for all ^, "Z] G Xg.. For any v G Qi, there is A G A^* 
such that V = 're^(A) and Se,(A) G Qj. Let us take ^,77 G Xg, such that /(A) = 1 = (7(A) 
and /(/i) = = (^(/i) for Se.(A) = Se,(/u) and A 7^ /i. Then 

= (e,/-r])(t;)= 5^ e(AO/(re.(/x)M/i) = /(re.(A)) = /(t;). 

This implies / G /. Next we shall prove the "only if part. We suppose that there exist 
Vq G Qi and 1 < i < k such that Se.(A) ^ flj for any A G A'^'(t>o) and we shall induce a 
contradiction. Then for any A G A'^'(wo), there is a open neighborhood V\ of Sei(A) in A° 
such that Va C A° \ Qj. Set V" = UAGA<=i{t;o)^A- Then there exists an open neighborhood 
W of fo such that Se.(r~^(Vr)) C by Lemma 1.21 of [TU]. Define a function / G A 
such that / > 0, supp(/) C W and /(vq) = 1- We suppose that there exist t> G A° and 
^,?7 G Xg. such that / ■ ri){v) 7^ 0. Then there is // G A*^* such that f = Se,(/i) and 
f^TeXfi')) 7^ 0. Thus TeXfJ^) ^ IV. From a choice of W^, v ^ flj holds. Hence we conclude 
f ■ rj) G /. The assumption of X-saturated implies f & I, however /(fo) = 1- This is 
a contradiction. 

Hence we completed the proof. □ 

Let J be an ideal of 0{A). Since to is injective, for Jq := J n to(C*o(^°)) there exists a 
closed subset ilj^^ of A° such that Jq = to(Co(A° \^io))- Let us put Jq = Co(A° \ ll/o) of 
an ideal of Co(A°). 

Lemma 4.3. Jq is X-invariant and X-saturated. Hence Qig is a closed invariant subset 
of AO. 

Proof. Since to(/) e ^0 for / G Jo, to((^,/ ■ = tm(0%(/)^»n('?) e Jo for ^,77 G X^. 
Hence (^, f ■ rj) E Iq and this implies that Jq is X-invariant. 

Let us suppose that there exists 1 < i < k such that / ■ rf) G Jq for C,,ri E Xe-. 
Then for any 5*1, 6*2 G K{Xe-), ipeA^i)'^o{f)'^eA^2) G Jq- Since A is row-finite without 
source, to(/) ^ ''/'e,(-^(XeJ) and using an approximate unit of K{XeJ, we can conclude 
^o(/) e Jo, hence / G Jq. □ 

Lemma 4.4. Let f2 be a non-trivial closed invariant subset of A°. Set Jq = Co(A° \ i7) 
and J be an ideal generated by to(-^o) in C'(A). Then J fl ito(^) = ^o(-^o) holds. 

Proof. Let us put 

Jalg = Span{V(^i)t„2(^2)*to(/)ini(^?l)tn2(^2)1/ ^ Jq, ^ G X^^ , ?7i G X„J 

which is dense in J. Then we shall show Jaig fl to(^) C to(-^o)- 

L 

Xo = Yt^j,A^j^)tmj,2{^j,2yh{fj)tn,AVj,l)tn,AVj,2y € JalgHtol^)- 
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By using the faithful conditional expectation \I' onto (9(A)'^, we can assume rrij^i + Uj^i = 
f^j,2 + nj^2 for every 1 < j < Then there is a large I G such that for any S,iTj G X/, 

L L 

j=i j=i 

where Ij e N*^ are suitable elements and Cj^Vj ^ ^ij- We remark "^j^iiCj, fj ■ rj'j) G /q 
since Jq is X-invariant by Proposition I4.2[ On the other hand, there exists /o G A such 
that Xq = to(/o)- Since Iq is X-saturated, we obtain xq = to(/o) ^ ^o(-^o)- 

Next, we prove J fl to(^) = ^o(-^o)- The inclusion J fl to{A) D to(-^o) is obvious. Take 
X G J n to^A). For any e > 0, there is 

L 

^0 = '^tmj^i{C.j^)tmj^2i^j,2y'to{fj)tnj,i{Vj,l)tnj,2iVj,2T ^ J a.lg 

i=i 

such that ||x — XqII < e. By using the faithful conditional expectation \E' again, we 
can assume rrij^i + rij^i = mj^2 + ^^^,2 for every 1 < j < L. For a large Z G N'^ and 
any ^,77 G such that ||,^||, ||?7|| < 1, we obtain \\ti{^)*xti{ri) — ti{C,)*xoti{rj)\\ < e and 
ti{0*Xoti{7]) G Jaig n toiA) C to(^)- Hence we obtain ti{^yxti{r]) G to(^o) = ^0(^0)- Since 
X G to(^) and Jq is X-saturated, we obtain x G to(-^o)- Therefore we finished. □ 

Next, we introduce an orbit space followed by Katsura ([12]). 

Definition 4.5. Let A be a row-finite topological /c-graph with no source. For v G A°, 
define a subset Orb'^(f ) of A'^ by 

Orb+(t;) = U r^{s-\v)). 

For V G A° and a G A°°(f ), define subsets Orb~(f , a) and Orb(f , a) of A" by 
Orb-(w,a) = {a(m)|m G N'^}, Orb(w,a)= |J Orb+(t;'). 

i)'GOrb~(?;,o) 

The subsets Orb^(t'), Orb^(t>,a), Orb(f,a) are said to be the positive orbit space of 
V G A", negative orbit space of {v,a), orbit space of {v,a), respectively. 

Lemma 4.6. Let A be a row-Gnite topological k-graph with no source. 

(1) Let Q be a closed invariant subset of and take v ^ Q. Then there is a G A°°{v) 
such that Orb(f , a) C Q. 

(2) For any v G A° and a G A°°{v), Orh{v, a) C A° is an invariant subset. 

Proof. (1) First, we shall show the case k < 00. We remark that we need not to assume 
Q is closed in this case. Let Q be an invariant subset of A°. Fix v & Q. By negativity 
and positivity of Q and factorization property of A, we can easily construct a G A°° such 
that a{m) G Q for any m G N*'. Using the positivity of Q, Orb(f , a) G Q. 

Next we shall show the case k = 00. For m G N'^ and an open set U C A"^, let us 
define Z{U) = {a G A°°|a(0,m) G U}. We shall define a topology of A°° such that 
{Z{U) I m G N'^, f/ is open subset of A™} forms the open basis. For f G fi, A°°(f) is 
a topological space by the relative topology of A°°. On the other hand, for n < m, we 
shall define iin^m ■ A™(i;) — > A"-{v) by TTn,m = Seg(^„). Then {A"'{v),7rn,m}mm^ is an 
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inverse system. Define a map F : K°°{y) — > lim ^^^^^^^ A™(f ) by F{a) = {q;(0, m)}meN°°, 
then this map induces a homeomorphism. Hence A°°{v) is compact (Hausdorff) space 
since A is row-finite. For each 1 < p < oo, set = {m G N°° | m(j) = for i > p} 
and £'p = {a G A°°(t>) | a(m) G for m G N^}. Then Ep is non-empty closed subset 
of A°°{v) since the first part of this proof and Q is closed. Since A°°(f) is compact and 
-El D i?2 D ■ ■ ■ , the union n'^^Ep is not empty and a G fl^^i^p is just what we want. 

(2) Take A G A such that s(A) G Orb(f,a). Then there is v' G Orb~(f,a;) such 
that s(A) G Orb^(i;'). Thus there is /x G A such that s(A) = r(yu) and = v'. 

Then A/i G Orb^(f') and this implies r(A) = r(Ayu) G Orb'''(f') C Orb(i;,a). Hence 
Orb(f,a;) is positively invariant. Take w G Orb(f,a;). Then there exist v' G Orb~(f,a) 
and A G Orb^(f') such that w = r{X), v' = s(A). Fix 1 < i < k. First, we suppose 
(i(A)(j) > 0. Then A(0,ej) satisfies s(A(0,ei)) G Orb(f,a). If (i(A)(j) = 0, then /i = 
Aa(m, m + Cj) G Orb(f , a) where f ' = a{m). Then /i(0, Cj) G A"^^ satisfies w = r{fi{0, e-j)) 
and s(yu(0, Cj)) G Orb(f , «). Hence we conclude that Orb(t', a) is negatively invariant. □ 

Theorem 4.7. Let A be a row-Gnite topological k-graph with no source satisfying con- 
dition (A). Then the following conditions are equivalent: 

(i) The C* -algebra 0{A) is simple 

(ii) A is minimal. 

(iii) The orbit space Orb(i;, a) is dense in A° for every G A" and a G A°°{v). 

Proof, (i) <^==^ (ii): Let us put vr : 0{A) — > (9(A)/ J be a quotient map and Tq = 
TT o to- First, we discuss the necessary condition. Then Jo = Cq{A^) or Jo = {0} by an 
assumption. If Jq = Co(A°), then Tq = and this implies J = 0{A). If Jq = {0}, then 
TT is identity map on To(Co(A°)) and To is faithful. By condition (A) and a standard 
argument using Theorem 13.111 tt is injective and this implies J = {0}. Conversely if A is 
not minimal, then there exists a non-trivial closed invariant subset VL of A°. Let us put 
J 7^ {0} as an ideal of C(A) generated by to(Co(A° \ Vt)). From Lemma Ol 

0{A)/J D toiA) + J/ J = to{A)/to{A) n J ^ to(Co(fi)) ^ {0}. 

This says J ^ 0(A), hence 0{A) is not simple. 

(ii) <^=^ (iii): This follows from Lemma F4. 61 and if Q is invariant then the closure Q is an 
invariant closed subset. □ 

Next, we discuss the purely infiniteness of 0{A). We say that a simple C*-algebra is 
purely infinite if every non-zero hereditary C*-subalgebra has an infinite projection. 

Lemma 4.8. Let A be a row-finite topological k-graph with no source satisfying condition 
(A) and Vq G A'^ be an element of A° with Orb^(fo) = A°. For a non-zero positive element 
X G 0{A), there exist a G 0{A) and f G Co(A°) which is 1 on some neighborhood Vq of 
Vq such that \\a*xa — to(/)|| < 1/2- 

Proof. This statement is similar to Lemma 1.12 of [IHj and Katsura's proof works by some 
modifications (use Proposition 13. 12p . □ 

Definition 4.9. Let A be a row-finite topological /c-graph with no source. For n, m G N'^ 
and two subsets f/ C A" and U' C A™, we define U (\) U' C A"^™ hj U (h U' = 
Seg('o,nAm)(f^) nSeg(^„/\„)(f/') where nAm G N'' is defined by (nAm)(i) = min{n(j), m(j)}. 

14 



Lemma 4.10. Let A be a row-Gnite topological k-graph with no source. Let [/ C A" 
and U' C A™ be open sets satisfying U iti t/' = 0. Then for any ^ G CdU) C X„ and 
7] G CciU') C Xm, we have tn{0*tm{v) = 

Proof. Take an approximate unit {/ijjjGyt in Cq{A^). Then, for i,j G A, 

For ^' G X(„vm)-n, V' e -^{nVm)-m, tnVm{^<^C)*tnVm{V^V') = implies t„ /li) *t„i (r/- /ij ) = 

for any index i,jEA. Hence tn{C)*tm{j]) = □ 

Definition 4.11. Let A be a row-finite topological fc-graph with no source. We say that 
a non-empty open subset V of A° is a contracting open set if its closure V is compact 
and there exist finitely many non-empty open subsets Ui C A"' for i = 0, 1, ■ ■ ■ ,m with 
Ui G \ {0} satisfying 

(1) rr,XUi) C y for^ = 0,l,--- ,m 

(2) Ui A\Uj=% for i,j G {0, 1, ■ ■ ■ , m} with i ^ j 

(3) FcUr=i^n,(^.) 

Definition 4.12. We say that a row-finite topological /c-graph A with no source is con- 
tracting at Vq G hP if Orb^(fo) = A'' and any neighborhood Vq of Vq contains a contracting 
open set C Vq. We simply say that A is contracting if A is contracting at some Vq G AO. 

Theorem 4.13. Let A be a row-finite topological k-graph with no source satisfying 
condition (A). If A is minimal and contracting, then the C* -algebra 0{A) is simple and 
purely infinite. 

Proof. This proof is same as Theorem A of [13]. □ 

5. Examples 

In this section, we construct a new topological fc-graph from a higher-rank graph and 
covering maps on T whose C*-algebras include Cuntz's ax -|- 6-semigroup C*-algebra over 
N. 

First, we recall Katsura's construction from the directed graph E = {E^,E^,s,r) and 
two maps m : E^ — > Z and n : E^ — > Z+ = N \ {0}. We define two continuous 
maps s,r:E^xT — > E° x T hj s{e,z) = (s(e),z"(^)) and r{e, z) = (r(e), Then 
E Xn,m T = {E^ xT,E^ X T, r) is a topological graph in the sense of Katsura. We shall 
consider a higher-rank version of E Xn^m T. 

By Theorem 2.1 and Theorem 2.2 of [7], a topological fc- graph A is charactrized by 
A"^* [l < i < k) and homeomorphisms Tjj : A*^' Xc A'^J — > A^^ Xc A^^ {1 < i < j < k) 
preserving range and source maps respectively and have the hexagonal condition 

{T,^i ® 1,)(1, ® Ti^i)(T,^, ® h) = {h ® Tij){Tu ® ® Tj^i) 

on A^' Xc A'^i Xc A'^' for /c > 3 and each 1 <i < j <l <k. 

Proposition 5.1. Let T be a (discrete) row-finite higher-rank graph with no source 
defined bythemapsTij : F'^XeF"^ — > F'=^ XcF'^% : F"" — > Z+ andnii : F^' — > Z\{0}. 
For each {Xi, X2) G F'^^ x^F^^^ (Ai^ A^^) G F^^ x^F^' such that Tij{Xi,\2) = if 
ni,mi satisfy the following relations (i),(ii), then there exists a homomorphism 

■ F "^m^tni I' F"-* Xji^ fYij TT 
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such that this map induces a row-Gntie topological k-graph A(r,m,n) with no source; 

(i) gcd(|mi(Ai)mj(A2)|,ni(Ai)nj(A2)) = 1 

(ii) mi{Xi)mj{\2) = mj{X'l)mi{X'^) , ni{\i)nj{\2) = nj{X'l)ni{X'^) 
where gcd(m, n) is the greatest common divisor for positive integers m, n. 

Proof. Given p>l and \j G T^'^ (1 < j < p), let us define 

and define a range map r(Ai,...Ap) and a source map S(Xi,---\p) by 

For the fixed (A,, A^) G V^XcT'^^ with T"""^ (Ai, A2) = (A*/, A2"'), we enough to construct a 
homeomorphism Sij : T(^Xi,X2) — ^ '^(a'-' a^^) Preserving range and source maps respectively. 
Fix z eT and consider the elements (^1,-22) £ "^{XiM) {^1,102) G T^^ij ^ij^ such that 
^(Ai,A2)(-2i7 -22) = = Tj-yj W2). Set be the m-th root of 1. Then 

(^1,^2), {u!i,W2) are restrict to the following forms: 

^ — ^ \ — (^■mj{X2), ,Pi ^ni(Xi) ni(Xi)pi+mi(Xi)p2\ 

Zp,,p2 - [Zl, Z2) - [Z ' UJ^^^f^^^^^, Z ^|m,(Ai)m,(A2)| ) 

for < pi < |mj(Ai) | — 1, < ^2 < \fnj{X2) \ — 1 and 

Z' = (w^ Wo) = iz'^^^^^^u'^^ n,(Al^) ".(Ar)9i+"^.(Ar)<?2N 

^91,92 V^l^^2) \Z ^\m,{X'^)m,{X'.^)\ ^ 

for < < |mj(Ai^)| - 1,0 < g2 < \mi{Xl)\ - 1. Each (pi,p2) e {0, • • • , |m,(Ai)| - 1} x 
{0, • • ■ , |mj(A2)| — 1}, there exists the unique element {pi ,P2) G {0, ■ • • , \mj{X^^)\ — 1} x 
{0, • • • , |mi(A2-')| - 1} with the relation nj{X2){ni{Xi)pi + mi{Xi)p2) = ni{X'^){nj{XY)pY + 
mj{Xi)p2) modulo |mj(Ai)mj(A2)| by the assumption (i),(ii). Hence if we define Sij{zp^^p.^) 
z' ij ij , then this map is homeomorphism and preserving range and source maps. Moreover, 

we can check that Sij satisfies the hexagonal condition by a tedious calculation. Hence 
we can construct a topological A;-graph A(r,m,n) from F"^^ Xn^.m^ T and Tjj = Tij x Sij. 
This topological fc-graph is row-finite with no source by Proposition 12.31 □ 

Example 5.2 (Cuntz's ax + 6-semigroup C*-algebra over N). Assume k = 00. Let us 
consider the discrete set A° = {vq} and A'^^ = {Aj}. Define T^-^ej '■ T*^^ XcF'^j — > XcT'^' 
by Tg- e^. (Aj, Aj) = (Aj,Aj). Let V = {pi,P2, ■ ' '} be the set of prime numbers with 
Pi < P2 < ■ ■ ■ • Define mj(Aj) = 1, ni{Xi) = Pi. Then V^%mi,ni satisfy the assuption of 
Proposition 15.11 hence we can construct a topological fc-graph Ar,m„n- For this graph, the 
C*-algebra C(Ar,m,n) is isomorphic to the ax + 6-semigroup C*-algebra defined in [2] 
which is the universal C*-algebra generated by isometrics s„ (n G N*) and a unitary u 
satisfying the relations 

n-l 
i=0 

for n, m G N*. Let Oq be a generator of A = C{T) and = Xj ^fpl be a constant function 
of Xg. = C(T), then m and Sp. are corresponding to t°(ao) and t'^'(Ci) respectively. 

Cuntz showed that the C*-algebra Qn is simple and purely infinite in [2j. This property 
is also followed by Theorem 14.131 in our state. 
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Example 5.3. Let us consider the arbitrary A; = l,2,---,oo. Set T and T as in Example 
15.21 Let {{pi, qi)}i=i be a set of pairs such that pi E Z\{0} and qi G Z+ with gcd(|pi|, qj) = 
1 (1 < hj < k). Set mj(Ai) = pi and ni(Aj) = g^. By Proposition 15.11 we can define a 
topological A;-graph Ar,m,n- If {\Pi\,qi) 7^ (1)1) for all i, then A satisfies condition (A). 
Under this condition, if there exists 1 < i < k such that Pi ^ g^Z, then (9(Ar,m,n) is simple 
purely infinite by Theorem I4.13[ In [2] , Cuntz showed is generated by Bost-Connes 
algebra ([T]) adding one unitary. So we have an interesting the corresponding part of 
Bost-Connes algebra in this example (See Remark 15.61) . 

Next, we give two examples of topological 2-graphs whose associated (discrete) 2-graphs 
are not only one loop. 

Example 5.4. Let us consider the following (discrete) 2-graph F; 



r is characterized by F'^^ = {Ai,A2}, F'^^ = {/ii,yU2}, and Te^,e2('^i) A*i) = {fJ'i,^2), 
^61,62(^2, /i2) = (/i2,Ai). By (ii) of Proposition EUl po = mi(Ai) = mi(A2) and go = 
ni{Xi) = n2(A2) have to hold. Set pi = m2(/ij), qi = n2{fii) {i = 1,2). Then we have to 
impose gcd(|poPi|, go^i) = 1 for z = 1,2. If {\po\,qo) 7^ (1,1) and (biP2|,gig2) ^ Z+(l,l), 
then Ar,m,n is Condition (A). Moreover po ^ goZ or pip2 ^ gig2Z, then 0(Ar,m,n) is simple 
and purely infinite because of the existence of the loop in F. 

Example 5.5. Let us consider the 2-graph Q2- In a suitable condition, 0{AQ2^m,n) is a 
simple AT-algebra (also see the dichotomy after Proposition 3.14 of [13j). 

Remark 5.6. If we remove the "no source" assumption, we can treat the Bost-Connes 
algebra Cq in the framewark of topological fc-graph. Let V = {pi,P2, ■ ■ ■ } be the set of 
prime numbers with pi < P2 < ■ ■ ■ ■ Set Zp {p G V) be the p-adic ring and Z = Ylpev ^p- 
Laca (Proposition 32 of [13]) showed Cq is isomorphic to an endomorphism crossed product 
C{Z) where : C{Z) — > C{Z) is the endomorphism defined by 



On the other hand, A° = Z, A^' = piZ {1 < i < 00), and define rg., Sg. : A*^' — > A° by 
TeX^) = X and Se,(x) = x/pi, then we can "construct" a topological cxD-graph A such that 
0{A) = Cq (see also Example 2.5 (4) of [25j). However A has sources, so far, we cannot 
treat the Bost-Connes algebra Cq in this paper. 
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